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structures on surfaces

Complex Analysis Hyperbolic Geometry

Riemann surface c s geodisicallycompletehyperbolicsurface

extremal length c s geometric length

parabolic type C ergodicity ofgeodesic flow



X Riemann surface

tf is parabolic type if it

does not support a non constant

negative subharmonicfunction

Remarki Not to be confused with parabolic

geometry

If X is a planar domain
then X is parabolic

Any
bounded harmonic function
is constant

ex unit disc a Q not parabolic type

eye f parabolic type
classical

Type Problem Give necessary and
sufficient conditions for X to be
of parabolic type



If X MIG GLEE.EE mtCH

Then TF AE

1 X is parabolictype
2 harmonic measure of ideal

boundary vanishes

3 Poincare series of G diverges

4 Geodesic flow on the unit tangent
bundle is ergodic



Geometry X geodesically complete

hyperbolic surface

geodesic flow on the unit tangent bundle

X

Liouville measureanX dado
T T

area angle
measure measure

Geodesic flow on unit tangent bundle
is measure preserving



Defy Geodesic flow is said to act

ergodically on the unit tangent bundle
if invariant sets have

measure zero or have

complementary set measure zero

Visual Dense orbit

Finite topological type a fig well known

j X finite area parabolictype

or sp

2 X infinite area not parabolic type

tunnel



Type Problems geometric version

Find
necessary

a sufficient conditions
for geodesic flow to be

ergodic

our goal

Find sufficient conditions in terms
of F N parameters that X is of

parabolic type

our focus today is on flute surfaces



Constructing a flute surface
Glue P to Pa Pat B a

Flute surface
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rFlute surface
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Th E é ko X parabolic type

a I twist 54 0 X parabolictype
b Independentoftwist e
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0 X parabolictype



For zero twist flute we have a completecharacterization

cons zero twists let X X en0.3 T FAE

X is parabolictype
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Tools of the trade

1 Extremal length of curve families

2 Collars standard and nonstandard

Extremal length X a Riemann surface
T a
family of curves on X

Extremal length of T

r
soup tiff where

i inf
rep

e length of 83

Ap f Area of X

at Nt



Properties of extremal length
Conformal invariant

If I CI
smaller I E Xlset bigger E length

Everflowing Suppose i'curve families sit
Are F r'ep where 8 Cr

then X Ms XCP

at



Extremal length and type

Xn a finite area exhaustion of X

In family of
curves from Ox to oxn

KITAKAMI

t

Ahlfors Savio X Tn 70 X of parabolictype



Cottars

pFf
R
is.toaolggidlgg.cgliuden

noejsaifded If L is a bag component of R
we
say

R is one sided

I
inniti
Collier

consider the curve family between

boundary componentsof
R denoted HR



How do we use collars

MittitutII

Hid
ty
i

so EX 0 X parabolictype

Goat Find relationship between
R and F N parameters



standard collar

til

standard collar width

cleft sink stank

Tashit AIR cÉ

Rematfood estimate it to

02 Twist does not matter
that is

Iif



non standard Collar

ÉÉ

glue with twist t

thegeodesic from Bto B

p B'to 13

É
with twisty

with mild hypothesis we have
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vertical family



Thank You


